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ABSTRACT
We introduce a truncated version of the cubic Szego˝ equation, an integrable model for de-
terministic turbulence. In this truncation, a majority of the Fourier mode couplings are
eliminated while the signature features of the model are preserved, namely, a Lax pair struc-
ture and a hierarchy of finite-dimensional dynamically invariant manifolds. Despite the
impoverished structure of the interactions, the turbulent behaviors of our new equation are
stronger in an appropriate sense than for the original cubic Szego˝ equation. We construct
explicit analytic solutions displaying exponential growth of Sobolev norms. We furthermore
introduce a family of models that interpolate between our truncated system and the origi-
nal cubic Szego˝ equation, along with other related deformations. These models possess Lax
pairs, invariant manifolds, and display a variety of turbulent cascades. We additionally men-
tion numerical evidence, in some related systems, for an even stronger type of turbulence in
the form of a finite-time blow-up.
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“...the vessel underwent trials on the Paddington Canal in 1837.
However, by one of those fortunate accidents, which sometimes
occur in the history of science and technology, the propeller
was damaged during the trials and about half of it broke off,
whereupon the vessel immediately increased its speed.” [1]
1 Introduction
In studies of Hamiltonian PDEs, the phenomenon of turbulence continues to challenge vari-
ous communities of mathematicians and physicists. It is defined by transfer of energy from
long-wavelength to short-wavelength modes, leading to concentration of energy on arbitrar-
ily small spatial scales. Such turbulent cascades are usually quantified by the growth of
Sobolev norms, and the general question of unbounded increase of Sobolev norms is a long-
standing problem [2]. Historically, much of the effort in this direction has focused on the
wave turbulence theory [3] which employes averaging over the phases of weakly interacting
waves. By contrast, studies of fully deterministic turbulence tend to be more recent, with
much of the related efforts focused on the nonlinear Schro¨dinger equation [4–12]. Close par-
allels exist between this line of research and studies of weak turbulence in Anti-de Sitter
spacetimes [13, 14], a topic of interest within general relativity and theoretical high-energy
physics.
Motivated by studies of nonlinear Schro¨dinger equations, Ge´rard and Grellier designed
a tractable model of non-dispersive evolution, the cubic Szego˝ equation [15]; see [16] for a
review. This nonlinear equation on the circle S1 is Lax-integrable and displays turbulent
behaviors that can be analyzed using integrability. To be more precise, it has been proved
that there exist initial conditions with super-polynomial growth of some Sobolev norms;
however, there are no explicit examples of such data. Existence of initial conditions with
exponential growth of Sobolev norms is another open problem. Explicit solutions can be
constructed that show ‘weak weak turbulence’ in the language of [5], so that the Sobolev
norm growth is always bounded but can be arbitrarily enhanced by fine-tuning the initial
data. These properties of the cubic Szego˝ equation motivated various studies of modifications
of this model in order to elucidate whether such features are preserved and/or some additional
phenomena emerge due to modifications. Examples that preserve integrability but display
initial configurations with unbounded Sobolev norm growth in the past literature are [17–20].
In [17], the cubic Szego˝ equation was placed on the real line R, providing solutions with
polynomial growth of Sobolev norms. In [18], the so-called α-Szego˝ equation was introduced,
with explicit examples of initial configurations with exponentially growing Sobolev norms. A
few years later, the quadratic Szego˝ equation was introduced in [19]. This case also displayed
solutions with exponentially growing Sobolev norms. Finally, in [20], we can find the damped
Szego˝ equation, likewise with unbounded Sobolev norm growth.
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The cubic Szego˝ equation and the other systems we discuss here belong to the class of
cubic resonant systems. These resonant systems often arise as weakly nonlinear approxima-
tions to the dynamics of PDEs whose linearized spectra of normal frequencies are strongly
resonant. Thus, it was shown that the cubic Szego˝ equation accurately describes the weakly
nonlinear long-time dynamics of some sectors of the half-wave equation [15,16] and the wave
guide Schro¨dinger equation [21]. In closer contact with physics applications, resonant sys-
tems arise as approximations for the dynamics of Bose-Einstein condensates [22–26] and in
Anti-de Sitter (AdS) spacetimes [27–33], the latter topic extensively studied in relation to
AdS instability [13,14]. Resonant systems constructed in this way often show powerful ana-
lytic structures and admit special solutions [34,35], even in the absence of Lax-integrability
that characterizes the cubic Szego˝ equation and other systems that we focus on here.
As we have mentioned, considerable attention has been given to modifying the cubic Szego˝
equation in a way that strengthens its turbulent behaviors or makes them more manifest.
The main goal of our present exposition is to report our discovery of the truncated Szego˝
equation that possesses such features, together with systems interpolating between this new
equation and the original cubic Szego˝ equation, and some further related deformations.
Relatively to what has been proposed in the literature before, our systems are close in
spirit to those of [18] and [20], though the concrete alteration we make in the equations
is completely different. One might legitimately ask what is the purpose of introducing
yet another modification of the cubic Szego˝ equation with such properties. First, for any
system as special as the cubic Szego˝ equation, it is important to understand the full range
of modifications that preserve its crucial properties (Lax-integrability, invariant manifolds,
turbulence), and our results provide an extra four-parameter space of dynamical systems
to contribute to this picture. Second, our equation is qualitatively distinct, say, from the
modifications introduced in [18,20], which are its closest analogs, and may teach us important
lessons. The modifications of [18,20] are designed by adding a single simple term to the cubic
Szego˝ equation. By contrast, our truncated Szego˝ equation results from removing most of
the terms from (the Fourier representation of) the cubic Szego˝ equation. As turbulent energy
transfer relies on mode couplings, the fact that turbulence is strengthened after removing a
majority of mode couplings is surprising and counter-intuitive, and makes us think of the
curious naval engineering incident from our epigraph, though the route by which we arrived
at our equation was more systematic relatively to the XIX century naval precedent. Apart
from their direct relevance in the context of the cubic Szego˝ equation studies, our findings
may invite general re-evaluation of which mode couplings play an essential role in formation
of turbulent cascades.
The article is organized as follows: in section 2, we provide some relevant details on
resonant equations in general, as well as the cubic Szego˝ and α-Szego˝ equations, which form
the background material for our actual studies. In section 3, we introduce and examine our
first model, the truncated Szego˝ equation. The Lax pair structure, invariant manifolds and
explicit solutions with unbounded Sobolev norms are constructed. In section 4, we do the
same with our second model, the β-Szego˝ equation. We provide summary and commentary,
and mention some extra tentative results on finite-time turbulent blow-up in section 5.
2
2 Brief review of resonant equations, the cubic Szego˝ equation
and the α-Szego˝ equation
2.1 Resonant equations
The cubic Szego˝ equation and the new equations we shall introduce in this paper are all of
the following algebraic form:
i
dαn
dt
=
∞∑
m,k,l=0
n+m=k+l
Cnmklα¯mαkαl. (1)
Here, αn with n = 0, 1, 2, . . . are complex-valued functions of time, which are our dynamical
variables, bars denote complex conjugation, and Cnmkl are real numbers that can be called
the mode couplings or the interaction coefficients. The interaction coefficients are invariant
under the following interchanges of the indices: n ↔ m, k ↔ l, (n,m) ↔ (k, l). Such
systems are often called resonant systems or resonant equations. Note the resonant condition
n+m = k+l restricting the summations in (1). Different representatives of this large class of
equations that we shall study are distinguished by different explicit choices of the interaction
coefficients C.
Equations of the form (1) commonly arise via application of time-averaging or multi-scales
analysis [36, 37] as weakly nonlinear approximations to PDEs whose linearized spectrum of
normal frequencies is highly resonant, as happens to a number of PDEs in harmonic traps
or Anti-de Sitter spacetimes. We shall not review such derivations here, as it is quite far
apart from our main focus, and will simply refer the reader to [14, 22, 25, 36, 37]. We note
that, viewed from this perspective, the dynamical variables αn originate as the complex
amplitudes of the linearized normal modes of the PDE, which acquire slow evolutions under
the effect of weak nonlinearities. A system of the form (1) then accurately approximates this
slow evolution.
The resonant equation (1) has a canonical Hamiltonian structure with a Hamiltonian of
the form
H = 1
2
∞∑
n,m,k,l=0
n+m=k+l
Cnmklα¯nα¯mαkαl (2)
and the symplectic form i
∑
n dα¯n∧dαn. In addition to the Hamiltonian, there are two generic
conserved quantities, irrespectively of the form of the interaction coefficients C, which we
list together with the associated symmetry transformations:
N =
∞∑
n=0
|αn|2, αn(t)→ eiφαn(t), (3)
E =
∞∑
n=0
n|αn|2, αn(t)→ einθαn(t). (4)
Additionally, equation (1) enjoys the scaling symmetry
αn(t)→ αn(2t). (5)
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For specific choices of the interaction coefficients, the set of symmetries and conserved quan-
tities may, of course, become much bigger. This is the case for the class of systems treated
in [34], for the cubic Szego˝ equation, and for the new systems we shall introduce below.
In full generality, equation (1) admits an infinite number of dynamically invariant mani-
folds. Namely, one can choose two mutually prime integers p and q, p < q, and set to zero
all αn except for those with n = p mod q. If this restriction is implemented in the initial
conditions, (1) guarantees that the modes set to zero will never get excited, which defines
an invariant manifold of the evolution. We shall use such (p mod q)-restrictions in some of
our arguments. Again, for special systems within the large class given by (1) , there can be
many more invariant manifolds. Thus, for the systems at the focus of our current study, a
crucial role is played by an infinite hierarchy of finite-dimensional invariant manifolds that
we shall explicitly review below.
2.2 The cubic Szego˝ equation
The cubic Szego˝ equation was intensively studied in [15] and is usually given in the form
i∂tu = Π
(|u|2u) , (6)
where Π, the so-called Szego˝ projector, acts as a filter of negative Fourier modes
Π
(∑
n∈Z
αne
inθ
)
=
∞∑
n=0
αne
inθ. (7)
This equation is placed on the circle S1 and studied for u ∈ L2+ (S1); namely, the space
of functions L2 (S1) where negative Fourier modes are zero, αn = 0 ∀n < 0. Then, as
Π : L2 (S1)→ L2+ (S1), (6) guarantees that for initial conditions u0 ∈ L2+ (S1)
u(t, eiθ) =
∞∑
n=0
αn(t)e
inθ, with
∞∑
n=0
|αn|2 <∞. (8)
The space L2 (S1) is endowed with the inner product
(u|v) :=
∫
S1
uv¯
dθ
2pi
. (9)
The cubic Szego˝ equation admits a Hamiltonian structure with the Hamiltonian
HSz = 1
4
∫
S1
|u|4 dθ
2pi
with u ∈ L2+(S1). (10)
Substituting the Fourier expansion (8) into (6), we rewrite the cubic Szego˝ equation in
an equivalent form
i
dαn
dt
=
∞∑
m,k,l=0
n+m=k+l
α¯mαkαl. (11)
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This representation manifestly matches the general algebraic structure of the resonant equa-
tion (1), with the interaction coefficients given by the very simple expression C
(Sz)
nmkl = 1. We
thus note that there are two different representations here to deal with: the position space
representation (6) in terms of the Szego˝ projector, and the Fourier space representation (11).
The position space representation is more familiar from the literature on the cubic Szego˝
equation, and the Szego˝ projector language is effective, for example, for analyzing Lax in-
tegrability. The Fourier space representation makes more explicit contact with the physics
of resonant systems. We shall rely on both representations in our derivations to highlight
various aspects of our considerations.
Some relevant properties of the cubic Szego˝ equation are [15]:
• This system possesses two Lax pairs; see (20) below.
• Sobolev norms1 of solutions of (6) subject to initial conditions u0∈Hs+ (S1) with s>1
(where Hs+ (S1):=Hs (S1)∩L2+ (S1)), cannot grow faster than exponentially,
‖u(t)‖Hs ≤ Cs‖u0‖HseCs‖u0‖2Hs |t| with Cs > 0. (12)
• There exist complex invariant manifolds V(d) consisting of functions of the form
u(z) =
A(z)
B(z)
, (13)
where, A(z) and B(z) are polynomials in z with no common factors, B(0) = 1, B(z)
has no zeros in the closed unit disk and
– If d = 2D is even, the degree of A(z) is at most D−1 and the degree of B(z) is
exactly D.
– If d = 2D+ 1 is odd, the degree of A(z) is exactly D and the degree of B(z) is at
most D.
These manifolds are linked to the Lax-integrability structure, as we shall explain below.
• Sobolev norms for initial conditions u0 ∈ V(d) remain bounded for all times,
∀s > 1
2
sup
t∈R
‖u(t)‖Hs <∞. (14)
• There are families of initial conditions u0 ∈ V(d) for a given d, with sup ‖u0‖Hs <∞
for all s, such that
∀s > 1
2
sup

sup
t∈R
‖u(t)‖Hs =∞; (15)
1In terms of the Fourier modes, Sobolev norms can be expressed in the form
‖u‖2Hs =
∞∑
n=0
(1 + n)
2s |αn|2.
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namely, despite (14), we can fine-tune the initial conditions inside the same V(d) to
get Sobolev norms with s > 1/2 that grow as much as we please. (This is sometimes
known as ‘weak weak turbulence’ [5].) In particular, the three-dimensional invariant
manifold V(3) contains such solutions and will be of special interest in this paper.
• There exist initial conditions u0 in C∞ (S1) ∩ L2+ (S1) such that for all s > 1/2
lim sup
t→∞
‖u(t)‖Hs
tk
=∞ ∀k ≥ 1, (16)
lim inf
t→∞
‖u(t)‖Hs <∞. (17)
Namely, there is an infinite sequence of exchanges of energy back and forth between low
and high modes, and the flow of energy to high modes provides for a super-polynomial
growth of Sobolev norms with s > 1/2. We remark that currently there are no explicit
examples of these initial data.
• The existence of initial conditions u0, such that Sobolev norms with s > 1/2 display
an exponential growth is an open problem.
Now, to define the Lax pairs for (6), consider the following operators:
Huh = Π(uh¯), Tbh = Π(bh), Sh = e
iθh. (18)
In components, their action is
(Huh)n =
∞∑
m=0
αn+mh¯m, (Tbh)n =
∞∑
m=0
bn−mhm, (Sh)n = hn−1. (19)
Note that S is simply a shift changing the sequence {α0, α1, . . .} into {0, α0, α1, . . .}, while
the corresponding conjugate S† does the opposite shift from {α0, α1, . . .} into {α1, α2, . . .}.
In particular, S†S = 1.
The two Lax pairs given in Theorem 3 in the third reference of [15] are
dHu
dt
= [Bu, Hu],
dKu
dt
= [Cu, Ku], (20)
with
Ku = S
†Hu = HuS = HS†u, Bu =
i
2
H2u − iT|u|2 , Cu =
i
2
K2u − iT|u|2 , (21)
whenever the equations of motion for u are satisfied. The existence of invariant manifolds
(13) can be understood in terms of these Lax operators. Actually, they correspond to the
choices of u for which the sum of the ranks of the operators Hu and Ku is d.
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2.3 The α-Szego˝ equation
The α-Szego˝ equation [18] was constructed as a deformation of the cubic Szego˝ equation by
a term proportional to the lowest mode α0 = (u|1):
i∂tu = Π
(|u|2u)+ α (u|1) , (22)
where α ∈ R and u, Π and the operators Ku and Cu (that will appear later in this section),
have the same definition as for the cubic Szego˝ equation. For any α 6= 0, the continuous
dependence on this parameter can be absorbed by the rescaling u˜(t) =
√|α|u(|α|t), leaving
the α-Szego˝ equation as
i∂tu˜ = Π
(|u˜|2u˜)+ sgn(α) (u˜|1) . (23)
Note that this model cannot be literally expressed in terms of the resonant equation (1),
but the necessary deviation from the algebraic structure of (1) is small and only appears in
the equation for the lowest mode:
i
dα0
dt
∓ sgn(α)α0 =
∞∑
m,k,l=0
m=k+l
α¯mαkαl, and i
dαn
dt
=
∞∑
m,k,l=0
n+m=k+l
α¯mαkαl for n ≥ 1. (24)
The properties of this system are slightly different from the case of the cubic Szego˝ model [18]:
• The α-Szego˝ model possesses one Lax pair
dKu
dt
= [Cu, Ku] . (25)
• Sobolev norms of solutions of (23) subject to initial conditions u0 ∈ Hs+ (S1) with s > 1,
cannot grow faster than exponentially,
‖u(t)‖Hs ≤ ‖u0‖HseC|t| with C > 0. (26)
• There exist complex invariant manifolds L(D) defined by the choices of u such that
the rank of Ku is D. They consist of rational functions of the form
u(z) =
A(z)
B(z)
, (27)
where A(z) and B(z) are polynomials in z of degree at most D, with no common
factors, deg(A) = D or deg(B) = D and B(z) has no zeros in the closed unit disk.
• For α < 0 and initial conditions u0 ∈ L(D), Sobolev norms are bounded
∀s ≥ 0 ‖u(t)‖Hs < C. (28)
• For α > 0 and some u0 ∈ L(1), Sobolev norms with s> 12 grow exponentially for large
enough time,
∀s > 1
2
, ‖u(t)‖Hs '
t→∞
ec(2s−1)|t|. (29)
Hence, the α-Szego˝ equation has solutions with unbounded Sobolev norms.
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• The α-Szego˝ equation contains the cubic Szego˝ equation. Even for α 6= 0, by restricting
the initial conditions to odd modes (setting even modes to 0), (24) is reduced to (11).
Hence, the α-Szego˝ equation has subsectors of initial conditions with the properties
displayed in subsection 2.2.
3 The truncated Szego˝ equation
With the above preliminaries, we proceed with the key point of our presentation, which is
the introduction of the truncated Szego˝ equation. Starting from the cubic Szego˝ equation,
one simply sets to zero a specific large set of the interaction coefficients (a majority of them,
in fact), while leaving the remaining ones intact, according to the pattern
C
(tr)
nmkl =
{
1 if nmkl = 0,
0 if nmkl 6= 0. (30)
The condition that the product nmkl must vanish evidently implies that at least one of the
mode numbers n, m, k or l must vanish in order for the corresponding coupling coefficient C
to be nonzero. We have labelled the interaction coefficients of this truncated Szego˝ system by
C(tr) for future reference. By truncation, we simply mean eliminating interactions between
modes (it should not be confused with restricting the dynamics of a given system to one of
its invariant manifolds). Given the expression for C(tr), the equations of motion (1) take the
form
i
dα0
dt
=
∞∑
m=0
m∑
k=0
α¯mαkαm−k, i
dαn
dt
= α¯0
n∑
k=0
αkαn−k + 2α0
∞∑
m=1
α¯mαn+m for n ≥ 1. (31)
One can rewrite (31) in position space, i.e., in terms of u given by (8):
i∂tu = Π(|u|2u)− SΠ(|S†u|2S†u), (32)
where Π is the Szego˝ projector (7) and S the shift operator defined in (18). The corresponding
Hamiltonian is
Htr = 1
4
∫
S1
(|u|4 − |S†u|4) dθ
2pi
=
1
4
∞∑
n=0
∞∑
m=0
n+m∑
k=0
C
(tr)
nmk(n+m−k)α¯nα¯mαkαn+m−k. (33)
This Hamiltonian can be understood as the cubic Szego˝ system minus a “shifted” cubic Szego˝
system, with {α0, α1, ...} replaced with {α1, α2, ...}. The same pattern can be noticed in (32).
This structure of the model will be important for deriving properties of the truncated Szego˝
equation from the results previously known for the cubic Szego˝ equation.
We now list the main properties of the truncated Szego˝ equation, which are the central
technical results of our paper, and which will be proved in the remainder of this section:
• The truncated Szego˝ equation possesses one Lax pair, defined through the operators
(18-21):
dKu
dt
= [Cu −BS†u, Ku] . (34)
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(See appendix A for an explicit action of these operators in the mode representation.)
Note that the presence of two Lax pairs in the original cubic Szego˝ equation is essen-
tially used in the construction of its general solution in the third reference of [15]. Such
derivations do not immediately generalize to the α-Szego˝ equation or our system.
• Sobolev norms of solutions of (32) subject to initial conditions u0 ∈ Hs+ (S1) with s > 1,
cannot grow faster than exponentially, which excludes a finite-time blow-up:
‖u(t)‖Hs ≤ ‖u0‖HseC|t| with C > 0. (35)
• There exist complex invariant manifolds L(D) defined in (27).
• For some u0∈ L(1), Sobolev norms with s> 12 grow exponentially at late times:
∀s > 1
2
, ‖u(t)‖Hs '
t→∞
e(2s−1)c|t|. (36)
Before proceeding with our proofs, we add some extra comments:
• Integrability is a very fragile property, and a priori, one expects any modifications in the
mode coupling pattern to upset it. The specific modification of the mode couplings used
to define the truncated Szego˝ equation is very special in this regard, as integrability
is preserved (although we lose one of the two Lax pairs of the cubic Szego˝ equation
equation). Note that the first Lax operator Ku is common to the original and the
truncated Szego˝ equations. As a consequence, one can construct a Lax pair for an
arbitrary linear combination of C(tr) and C(Sz). This is the key idea behind our β-
Szego˝ system to be introduced in section 4.
• The exponential growth of Sobolev norms (36) is very surprising given the appar-
ently impoverished structure of (30). Interactions only through high modes have been
completely eliminated, so that all the interactions must involve the lowest mode. Para-
doxically, this enhances the turbulent phenomena in L(1).
• In view of the exponential growth of Sobolev norms (36) the bound (35) is optimal.
• In this work, we will focus our attention on the properties of solutions in L(1). Dy-
namics in general L(D) is an open problem.
• The properties displayed here for the truncated Szego˝ equation and the ones for the
α-Szego˝ equation showed in section 2.3 are similar; however, we remark that the mode
coupling structures of systems (24) and (31) are very different. We shall return to
further comparisons between these systems in our concluding section.
3.1 Lax pair, bounded Hamiltonian and L(D) invariant manifolds
The local and global well-posedness of the truncated Szego˝ equation for initial conditions
u0 ∈ Hs+ (S1) with s > 1/2, as well as the exponential upper bound (35), come from the
results obtained in [15] for the Szego˝ equation and in [18] for the α-Szego˝ equation, essentially
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because the right-hand sides of (31) consist of subsets of terms that would have appeared in
the case of the cubic Szego˝ equation. Specifically, after integrating (32) in time
u(t) = u0 − i
∫ t
0
(
Π(|u(s)|2u(s))− SΠ(|S†u(s)|2S†u(s))) ds, (37)
we have to use the estimates (where ‖u‖W :=
∑ |αn| is the Wiener norm)
‖Π (|u|2u)−SΠ (|S†u|2S†u)‖Hs ≤‖Π (|u|2u)‖Hs +‖SΠ (|S†u|2S†u)‖Hs,
‖Π (|u|2u)‖Hs ≤ c‖u‖2L∞‖u‖Hs ≤ c‖u‖2W‖u‖Hs ,
‖SS†u‖L∞ = ‖u− (u|1)‖L∞ ≤ ‖u‖L∞ + ‖(u|1)‖L∞ ≤ 2‖u‖L∞ ,
‖SΠ (|S†u|2S†u)‖Hs ≤‖Π (|SS†u|2SS†u)‖Hs ≤ cˆ‖u‖2L∞‖u‖Hs ≤ cˆ‖u‖2W‖u‖Hs ,
the Brezis-Galloue¨t type estimate2
‖u‖L∞ ≤ C‖u0‖H 12
(
log
(
2 +
‖u‖Hs
‖u0‖H 12
))1/2
,
the upper bound for the Wiener norm for s > 1 [18],
sup
t∈R
‖u‖W ≤ c˜s‖u0‖Hs , (38)
and the Gronwall lemma. Note that the bound on the Wiener norm is proved in [18] only
relying on the fact that Ku is a Lax operator. Since that holds true for our current model,
as we shall immediately demonstrate, the proof of [18] directly translates to our case.
To establish the Lax pair (34), we recall the “Szego˝-minus-shifted-Szego˝” structure of the
truncated Szego˝ system. Then, one can effectively reuse the Lax pairs (20).
Proposition 3.1. Let u ∈ C (R, Hs (S1)) for s > 1/2, if u solves the truncated Szego˝ equation
(32), then (Ku, Du) with Du = Cu −BS†u satisfy
dKu
dt
= [Du, Ku] , (39)
i.e., they provide a Lax pair.
Proof. For this proof, we will use the Lax pairs (20) for the cubic Szego˝ equation. We
consider dKu/dt evaluated with the equation of motion (32). Since Ku is linear in u, we
have
dKu
dt
= −iKΠ(|u|2u) + iKSΠ(|S†u|2S†u). (40)
The first term is simply what one would have gotten for the cubic Szego˝ equation itself, and
hence it equals [Cu, Ku] by (20). The second term can be written as follows, taking into
account (20),
− iKSΠ(|S†u|2S†u) = −iHS†SΠ(|S†u|2S†u) = −iHΠ(|S†u|2S†u) = [BS†u, HS†u] = [BS†u, Ku]. (41)
2A proof of this estimate can be found in the appendix of the first reference of [15].
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Hence,
dKu
dt
= [Cu −BS†u, Ku], (42)
and a Lax pair for the truncated Szego˝ system is given by Ku and
Du = Cu −BS†u = iT|S†u|2 − iT|u|2 = −iT|u|2−|S†u|2 . (43)
(We give an alternative verification of the Lax pair in appendix A using the language of the
mode space. This derivation is lengthier but more straightforward and self-contained.)
An important fact that we must clarify is whether the Hamiltonian (33) is bounded from
below. While the Hamiltonian for the cubic Szego˝ equation is positive, removing interaction
coefficients to obtain C(tr) could undermine the existence of a lower bound. This does not
in fact occur:
Proposition 3.2. Given initial conditions {αn(0)} such that the conserved quantities N and
E defined in (3-4) are finite, the Hamiltonian (33) is bounded from below by
Htr ≥ −NE. (44)
Proof. The Hamiltonian (33) is rewritten in the following form
Htr = |α0|
4
4
+ |α0|2
∞∑
n=1
|αn|2 + 1
2
∞∑
n=2
n−1∑
k=1
(α¯0α¯nαkαn−k + α¯kα¯n−kα0αn) . (45)
Note that
∞∑
n=2
n−1∑
k=1
(α¯0α¯nαkαn−k + α¯kα¯n−kα0αn) =
∞∑
n=2
[∣∣∣α0αn + n−1∑
k=1
αkαn−k
∣∣∣2 − |α0αn|2 − ∣∣∣ n−1∑
k=1
αkαn−k
∣∣∣2] ,
and also that ∞∑
n=2
|α0αn|2 ≤ |α0|2
∞∑
n=1
|αn|2.
At the same time, by the Cauchy-Schwartz inequality,
∣∣∣ n−1∑
k=1
αkαn−k
∣∣∣2 ≤ n−1∑
k=1
|αk|2|αn−k|2
n−1∑
l=1
1 = (n− 1)
n−1∑
k=1
|αk|2|αn−k|2 =
n−1∑
k=1
(2k − 1)|αk|2|αn−k|2.
Hence,
∞∑
n=2
∣∣∣ n−1∑
k=1
αkαn−k
∣∣∣2 ≤ ∞∑
k=1
(2k − 1)|αk|2
∞∑
l=1
|αl|2
= (2E −N + |α0|2)(N − |α0|2) = 2NE − 2E|α0|2 − (N − |α0|2)2.
Combining everything together, we obtain the bound (44).
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As the existence of invariant manifolds L (D) is linked to the Lax operator Ku, they are
predictably respected by the truncated Szego˝ evolution:
Proposition 3.3. For every positive integer D there exists a complex manifold L(D), given
in (27), that is invariant under the evolution of the truncated Szego˝ equation (31).
Proof. Since our Ku is exactly the same as for the cubic Szego˝ and α-Szego˝ equations, we
could simply verbatim recapitulate the analysis of [18]. Instead of reproducing this proof, we
shall sketch here an elementary proof that remains valid for as long as no two simple poles of
u collide. We are going to show that the truncated Szego˝ equation reduces to 2D+ 1 ODEs
for 2D+ 1 variables, making the restriction to such manifolds consistent with the evolution,
when the initial conditions are restricted to L(D) and assuming that u(t = 0, z) only has
simple poles. The Fourier coefficients of u(z) are then of the form
αn≥1(t) =
D∑
k=1
ck(t)pk(t)
n, α0(t) = b(t) +
D∑
k=1
ck(t), |pk| < 1, pi 6= pj. (46)
We start our analysis with the equations for αn≥1, returning to the equation for α0 at the
end. The left-hand side of (31) reduces to D terms of the form i
(
c˙i + nci
p˙i
pi
)
pni . Now we are
going to show that the right-hand side is decomposed into D terms with the same structure;
namely, pni times a linear function of n. After substituting (46) on the right-hand side of
(31), we can show that the second sum is decomposed into terms of the form Ai(b, p, c)p
n
i
where Ai(b, p, c) do not depend on n. The first sum has terms of the form
Bij(b, c, p)
n∑
k=0
pki p
n−k
j . (47)
When i = j it becomes Bjj(b, p, c)(n + 1)p
n
j and when i 6= j (remember that pi 6= pj and
|pk| < 1)
Bij(b, c, p)
n∑
k=0
pki p
n−k
j = Bij(b, p, c)
pn+1i − pn+1j
pi − pj . (48)
As a consequence, gathering all the terms with pni on the right-hand side, we get D terms
whose n-dependence is of the form pni times a linear function of n. Matching the left-hand
side and the right-hand side, we obtain 2D equations for 2D + 1 variables. The remaining
equation, the one for b(t), comes from expressing b˙ using the equation of motion for α0 and
the 2D equations for p˙i derived above.
A more complete (but less elementary) proof that remains valid even if poles collide can
be given based on the properties of Ku as in [18].
3.2 Explicit blow-up in L(1)
Having described the structure of invariant manifolds, we shall now focus on the dynamics
in L(1), and demonstrate strong explicit turbulent behaviors there, which is a proof of (36).
To this end, solutions in L(1) are parametrized as
α0(t) = b(t), αn≥1(t) = (b(t)p(t) + a(t)) p(t)n−1, (49)
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where b, a and p are complex functions of time. With this ansatz, the equations of motion
in (31) are reduced to a coupled system of ODEs given by
ip˙ =
(
N − (1− |p|2)E) p+ ab¯, (50)
ib˙ =(N + E)b+ Eap¯, (51)
ia˙ =(N − E)a− E|p|2bp, (52)
where we have made use of the following expressions for the conserved quantities (2-4)
E =
|bp+ a|2
(1− |p|2)2 , N = |b|
2 +
(
1− |p|2)E, (53)
Htr = 1
4
(
N2 + 2EN − 3E2 + 2ES) , with S = (N +E)|p|2 + E
2
|p|4 + (ab¯p¯+ a¯bp). (54)
Note that the conservation of N, E and Htr implies the conservation of S. Through these
expressions for the conserved quantities, the evolution of |αn(t)|2 can be written in terms of
|p(t)|2 as
|α0(t)|2 = N −
(
1− |p(t)|2)E, |αn≥1(t)|2 = (1− |p(t)|2)2E|p(t)|2n−2. (55)
Therefore, our study will be focused on the equation for |p(t)|2. After elementary algebra
utilizing (53-54), and using the notation x(t) := |p(t)|2, this equation can be expressed in
the form
x˙2 + c0 + c1x+ c2x
2 + c3x
3 + c4x
4 = 0, (56)
with the coefficients
c4 = −7
4
E2, c3 = 3E
2 −NE, c2 = N2 + 2NE − 3E2 + 3ES,
c1 = 4E
2 + 2NS − 4NE − 6ES, c0 = S2. (57)
This equation can be understood as the energy conservation for zero energy trajectories of
a quartic nonlinear oscillator, which can be manifested by rewriting it as
x˙2 + Veff(x) = 0, (58)
with Veff read off (56-57). Consequently, given an initial condition, through a standard
analysis of Veff(x) we can determine whether |αn(t)|2 is static, periodic or whether Sobolev
norms with s > 1/2 are unbounded. See fig. 1 for illustrative pictures of Veff(x) associated
with each of these behaviors.
We shall now construct explicit initial configurations within the ansatz (49) whose evo-
lution displays unbounded Sobolev norms. The exponential bound (35) prevents any finite-
time blow-up, a feature that is reflected in the potential as Veff(1) ≥ 0 and Veff(1) = 0 ⇔
V ′eff(1) = 0. The only kind of turbulence present is in the form of unbounded Sobolev norms
growth over an infinite range of time. The corresponding type of the effective potential can
be seen in fig. 1c. This set of configurations must satisfy Veff(1) = 0, a condition that, in
terms of the conserved quantities, takes the form
3E − 2(N + S) = 0 (59)
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Veff(x)
(a) Stationary solution.
xmin xmax 1
x
Veff(x)
(b) Periodic solution.
xmin xmax
x
Veff(x)
(c) Infinite-time blow-up solution.
xmin xmax
x
Veff(x)
(d) Finite-time blow-up solution.
Figure 1: The shapes of the effective potential for different sets of initial conditions, correspond-
ing to different dynamical regimes of our system. The shaded areas do not correspond to valid
configurations of the dynamical variables (they were included to provide a more complete picture
of Veff(x)). The center of the black circle denotes the origin (0, 0) and xmin (xmax) represents the
minimum (maximum) value reached by x(t). Dynamics of the type (a), (b) and (c) actually occurs
in the evolution of the truncated Szego˝ equation, while (d) is impossible due to the upper bound
(35), and the plot is crossed out in red to highlight this fact. (One should view (d) as an illustration
of an imaginary shape of Veff(x) for which a finite-time blow-up would emerge.)
and in terms of the dynamical variables in L(1),
2|b+ ap¯|2 = |bp+ a|2(1 + |p|2). (60)
The solution is
a = bp
(
1− eiλ
√
2
(
1 +
1
|p|2
))
with λ ∈ R, (61)
indicating that only initial conditions within a lower-dimensional submanifold in L(1) exhibit
unbounded Sobolev norm growth. This situation is directly parallel to the α-Szego˝ equation
[18]. Assuming (61), the effective potential of (58) takes the form
Veff(x) = −|b(0)|4F (1− x)2 (xmin − x)(c− x), (62)
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where c, xmin and F are functions of |p(0)|2 and λ satisfying the bounds F > 0, 0 ≤ xmin < 1
and c < xmin for 0 ≤ |p(0)|2 < 1. Furthermore, xmin denotes the minimum value of x(t),
and c, another real zero of Veff(x). The solution of equation (58) subject to this structure of
Veff(x) is
x(t) =
(c− xmin) cosh (ωt+ φ)− c− xmin + 2cxmin
(c− xmin) cosh (ωt+ φ) + c+ xmin − 2 , with ω = |b(0)|
2
√
F (1− c)(1− xmin)
(63)
and φ such that x(0) = |p(0)|2. The inequalities c < xmin, 0 ≤ xmin < 1 and F > 0 guarantee
that if |b(0)| 6= 0, then ω > 0 and also that (c−xmin) 6= 0. Hence, x(t) ≡ |p(t)|2 exponentially
approaches 1 at late times:
|p(t)|2 ∼ 1−O (e−ωt) . (64)
Then, using the expressions for |αn(t)|2 in terms of N, E and |p(t)|2 given in (55), Sobolev
norms for s > 1/2 have the following exponential growth at late times
‖u(t)‖Hs '
t→∞
e(2s−1)
ω
2
|t|. (65)
In fig. 2, we show the evolution of
v(t, θ) =
∞∑
n=1
αn(t)e
inθ (66)
for one of the initial conditions displaying such exponential growth of Sobolev norms. This
function shows a concentration phenomenon, meaning that v(t, θ) tends to 0 at large t
everywhere, except for a single value of θ, where it tends to 4E. Evidently, such behavior
must incur unbounded growth of the derivatives of v, which is in turn reflected in the growth
of Sobolev norms. Note that v(t, θ) itself could not possibly blow up by conservation of N
and E. The blow-up necessarily enters through the derivatives of v.
4 The β-Szego˝ equation
Since the truncated Szego˝ equation inherits many properties of the cubic Szego˝ equation,
including a common Lax operator Ku and a hierarchy of finite-dimensional invariant man-
ifolds, it is natural to ask whether an interpolating family can be constructed connecting
these two equations, retaining such special properties. To explore this question, we define
C
(β)
nmkl =
{
1 if nmkl = 0
1− β if nmkl 6= 0 (67)
with β ∈ R. Note that these coefficients are simply the linear combination
C(β) = βC(tr) + (1− β)C(Sz). (68)
Therefore, for β = 0 and 1 we recover the original systems C(0) = C(Sz) and C(1) = C(tr).
Additionally, in the limits β → ±∞, one can rescale C(β) by ±1/β to obtain a “shifted”
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Figure 2: Concentration of the function v(t, θ) given by (66) and its derivative at a point for initial
data within the family (61) characterized by exponential growth of Sobolev norms. Fig. 2a shows
that |v(t, θ)|2, despite becoming concentrated at a point, remains finite, converging to 4E there
(black dashed line). Fig. 2b shows that the first derivative of v(t, θ) also becomes concentrated at
a point, but in contrast with v(t, θ), its value at this point is not bounded.
Szego˝ system (the cubic Szego˝ equation with {α0, α1, ...} replaced by {α1, α2, ...}). Using the
standard Szego˝ projector and the shift operators, we can represent the resonant system (1)
with the interaction coefficients (67) in position space as
i∂tu = Π(|u|2u)− βSΠ(|S†u|2S†u). (69)
We shall call this system the β-Szego˝ equation in analogy to the α-Szego˝ equation, although
there are important differences between these two deformations; see section 5 for further
discussion. The main properties of the β-Szego˝ equation, which we will analyze below, are:
• These systems possess one Lax pair
dKu
dt
= [Cu − βBS†u, Ku] . (70)
• Sobolev norms of solutions of (69) subject to initial conditions u0 ∈ Hs+ (S1) with s > 1,
cannot grow faster than exponentially,
‖u(t)‖Hs ≤ ‖u0‖HseC|t| with C > 0. (71)
• There exist complex invariant manifolds L(D) given in (27).
• For β < 0, the Sobolev norms for u0 ∈ L(1) remain bounded,
∀s ≥ 0, ‖u(t)‖Hs ≤ C, with C > 0. (72)
• For β > 0, there exist u0 ∈ L(1) such that the Sobolev norms with s > 12 grow
exponentially at late times,
∀s > 1
2
, ‖u(t)‖Hs '
t→∞
e(2s−1)c|t|. (73)
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• For β ∈ (9,∞), there exist u0 ∈ L(1) such that Sobolev norms with s > 12 have a
polynomial growth at late times,
∀s > 1
2
, ‖u(t)‖Hs '
t→∞
t(2s−1). (74)
• For β 6= 1, the β-Szego˝ equation contains the cubic Szego˝ equation as one of its
invariant manifolds. It can be observed by restricting the initial conditions to odd
modes (setting even modes to 0). Hence, if β 6= 1, the β-Szego˝ equation has subsectors
with all the properties displayed in section 2.2.
A majority of these properties straightforwardly arise from the fact that the β-Szego˝ equa-
tion is a combination of the cubic Szego˝ and the truncated Szego˝ equations given by (68).
For the rest of our treatment, we shall focus on proving (72-74), which requires explicit
computations.3
4.1 Explicit blow-up in L(1)
In order to prove (72-74) and provide explicit examples of such solutions, we essentially repeat
our previous analysis of the truncated Szego˝ equation within L(1), but now at generic values
of β. To this end, we write L(1) in the form (49), so that the equations of motion are reduced
to
ip˙ =
(
N − β(1− |p|2)E) p+ ab¯, (75)
ib˙ =(N + E)b+ Eap¯, (76)
ia˙ = (N − βE) a− βE|p|2bp. (77)
While β appears on the right-hand side of these equations, the equation for x˙ does not
explicitly depend on this parameter (remember the definition x(t) := |p(t)|2)
ix˙ =
(
ab¯p¯− a¯bp) . (78)
Expressions for N and E in (53) are also β-independent, and the only dependence comes
from the Hamiltonian, which can be reduced to the conserved quantity
S = (N + E)x+
β
2
Ex2 + (ab¯p¯+ a¯bp), (79)
as was done in (54). In analogy with (58), we make use of an effective potential Veff(x) to
analyze the evolution of x(t). It is a quartic polynomial for a generic β, but for specific
3We shall not explore the dynamics in u ∈ L(D) for D > 1. One may expect that these manifolds are
integrable in the Liouville sense by analogy with [15, 18, 19]; namely, that they admit 2D + 1 conserved
quantities in involution, the same as the number of dimensions. This is not a priori guaranteed by the Lax
pair, and requires further analysis. The Lax pair provides D conserved quantities, which in addition to the
Hamiltonian and the L2 norm give D+2 conservation laws. When D > 1, this number by itself is insufficient
for Liouville integrability. For the cubic Szego˝ equation, the remaining conserved quantities come from the
second Lax pair (20), while for the α-Szego˝ and the quadratic Szego˝ equations they were found using different
methods.
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Figure 3: Regions in the (β, p(0))-plane with different dynamics of initial conditions subject to (82)
with |b| 6= 0 and λ = 0, pi. Blue areas consist of initial configurations for which the Sobolev norms
are bounded. Green areas consist of initial configurations with exponential growth of ‖u(t)‖Hs for
s > 1/2. Black solid lines represent the boundary region with a polynomial growth. Black dashed
lines are placed at β = 0, namely C(Sz), and demarcate a transition between systems with bounded
and unbounded Sobolev norms. The pictures are naturally extended to infinity to the left and to
the right.
values of this parameter it can be reduced to a cubic polynomial, or for β = 0
(
C(Sz)
)
, to
a quadratic polynomial. Therefore, the family of models C(β) displays different phenomena
for different values of β and p(0). Focusing our attention on initial conditions potentially
displaying unbounded Sobolev norms, we observe that Veff(1) = 0 ⇒ V ′eff(1) = 0 and also
that Veff(1) ≥ 0, preventing any blow-up in finite time, in agreement with the bound (71).
As in the case of the truncated Szego˝ equation, turbulent solutions must satisfy Veff(1) = 0,
a condition that, in terms of the conserved quantities, takes the form
(2 + β)E − 2(N + S) = 0. (80)
In terms of the dynamical variables,
2|b+ ap¯|2 = β|bp+ a|2(1 + |p|2). (81)
It shows that, for β < 0, this conditions is not satisfied for nontrivial configurations and
therefore, Sobolev norms of u0 ∈ L(1) remain bounded. For β = 0, the cubic Szego˝ system,
this constraint is only satisfied for b = −ap¯, which corresponds to stationary solutions as we
will see later. The case β > 0 is different: (81) is solved by
a = bp
((1 + |p|2) β − 2) +√2βeiλ(1− |p|2)
√
1 + 1|p|2
(2− β)|p|2 − β with λ ∈ R, (82)
where certain combinations of β, p and λ lead to ‖u(t)‖Hs → ∞ as t → ∞ for s > 1/2.
Fig. 3 shows a sketch of the different regions in the (β, p(0))-plane with λ = 0 and pi.
We shall now focus the discussion on the case λ = 0, where the equations are simple
enough to extract explicit expressions and this is a good representative of the behavior of
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the initial conditions (82) for generic λ. In this case, under condition (82), the potential
Veff(x) becomes
Veff(x) = −|b(0)|4F (1− x)2 (x0 − x) (c− x) , (83)
where x0 = x(0) and F and c are functions of p(0) and β. For 0 < β < 16 we find that
Veff(x) < 0 for x0 < x < 1 and Sobolev norms ‖u(t)‖Hs with s > 1/2 have exponential
growth. For β ≥ 16 there are three possibilities depending on β and p(0):
• The additional zero c /∈ [x0, 1]. In this case, the Sobolev norms with s > 1/2
‖u(t)‖Hs ' e(2s−1)ω|t|/2 at late times.
• The additional zero c ∈ [x0, 1). In this case, all Sobolev norms are bounded.
• The additional zero c = 1 (at the threshold between the two previous behaviors). In
this case, the Sobolev norms with s > 1/2 grow as ‖u(t)‖Hs ' t(2s−1) at late times.
It can be shown that the condition c = 1 is solved by
x0 =
(√
β − 4)2
β − 8 , for β ≥ 16. (84)
The explicit expressions for x(t) as a function of time are then
x(t) =

(c− x0) cosh (ωt)− c− x0 + 2cx0
(c− x0) cosh (ωt) + c+ x0 − 2 for x0 ∈ [0, 1) if 0 < β < 16
(c− x0) cos (ωt)− c− x0 + 2cx0
(c− x0) cos (ωt) + c+ x0 − 2 for x0 ∈
[
0,
(√
β − 4)2
β − 8
)
if β > 16
c˜t2 + x0
c˜t2 + 1
for x0 =
(√
β − 4)2
β − 8 if β ≥ 16
(c− x0) cosh (ωt)− c− x0 + 2cx0
(c− x0) cosh (ωt) + c+ x0 − 2 for x0 ∈
((√
β − 4)2
β − 8 , 1
)
if β ≥ 16
(85)
where ω = |b(0)|2|√F (1− c)(1− x0)| and c˜ = −|b(0)|4F (1− x0)2/4 (with c˜ > 0 for (84)).
As can be observed in fig. 3, for λ = pi, we reach to similar conclusions, but in this case
the transition (c = 1) between bounded and unbounded Sobolev norms is placed at
x0 =
(√
β − 4)2
β − 8 , for β ∈ (9, 16], (86)
and also displays polynomial growth of Sobolev norms. For generic λ, the scenario is the
same: we find combinations of the parameters β and p(0) that lead to exponential growth
of Sobolev norms, other combinations for which these norms are bounded, and a curve
(depending on λ), separating the two previous behaviors, that displays polynomial growth
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Figure 4: Effective potential for the initial configuration (82) with b = (2−β)pp¯−β, p = 1/5. For
positive β, the potential has zeros at 0 and 1; unlike negative β, where it has zeros at 0 and at a
value less than 1. These plots show that Veff(x) converges to the x-axis for β → 0. This behavior
has been observed for generic |p| ∈ [0, 1), indicating the existence of a family of stationary solutions
at the threshold
(
C(Sz)
)
of models with bounded and unbounded Sobolev norms. The center of the
black ring is placed at (0, 0) and the shaded areas do not correspond to valid configurations of the
dynamical variables.
of Sobolev norms. Note that the cases λ = 0 and pi show that β ∈ (9,∞) is sufficient for the
existence of initial conditions u0 ∈ L(1) with a polynomial growth of Sobolev norms. This
range of values of β is also necessary. It can be seen after imposing the appropriate conditions
over Veff(x); namely, Veff(1) = V
′′
eff(1) = Veff(x0) = 0 and also Veff(x) < 0 for x ∈ (x0, 1) with
x0 ∈ [0, 1). As we explained above, the first condition is satisfied by (80). For the second
condition, after expressing Veff(x) in terms of N , E and x with (80), we obtain the relation
N = (1±
√
β)2E. (87)
Due to (80) and (87), the above conditions involving x0 are only satisfied for β > 9.
As we can see in fig. 3, the cubic Szego˝ equation forms a transition point between systems
with bounded and unbounded Sobolev norms. It is natural to wonder which solutions of
cubic Szego˝ equation separate these behaviors. Fig. 4 provides a visual illustration of the
transition. Setting β = 0 and b = −p¯, the initial condition (82) reduces to a family of
stationary solutions for the cubic Szego˝ equation [15]. Its expression is more recognizable
from the literature in terms of the generating function
u(t, z) = e−it
p¯− z
1− pz , with u(t, z) =
∞∑
n=0
αn(t)z
n. (88)
This result makes us wonder whether one can find other modifications of the cubic Szego˝
equation such that (88) changes into a turbulent solution.
In addition to our analysis of the β-Szego˝ equation, we present, in appendix B, an even
bigger family of deformations of the cubic Szego˝ equation that retain some of its Lax inte-
grability and invariant manifolds and exhibit unbounded Sobolev norm growth. The mode
20
couplings are of the following form (and they can be freely combined with an arbitrary
α-deformation): 
C0000 = γ,
Cn0n0 = δ1 + δ2n, for n 6= 0,
Cnmkl = 1, other cases with nmkl = 0,
Cnmkl = 1− β, nmkl 6= 0.
(89)
It would be interesting to study more systematically which deformations of the cubic
Szego˝ equation respect the invariant manifolds L (D) or admit a Lax pair based on the
operator Ku, but we shall not pursue it here. Similar type of analysis was performed in [34]
for a related question, namely, which resonant systems of the form (1) respect another
explicitly defined three-dimensional invariant manifold, different from L (1).
5 Discussion and outlook
We have presented a large family of modifications of the cubic Szego˝ equation beyond the α-
Szego˝ equation of [18] that retain its Lax pair structure and a hierarchy of finite-dimensional
dynamically invariant manifolds. A central role in this family is played by the truncated
Szego˝ system (31-32), where a majority of the Fourier mode couplings present in the original
cubic Szego˝ equation have been eliminated. The systems we have introduced can be explicitly
analyzed within the simplest three-dimensional invariant manifold given by (49), and display
a variety of turbulent cascades, including unbounded exponential or polynomial growth of
Sobolev norms. These cascades are stronger than what is seen in the original cubic Szego˝
equation, which is particularly striking for the truncated Szego˝ equation, since naively, one
would imagine that eliminating couplings between different sets of Fourier modes should
weaken rather than strengthen turbulent cascades. One is thus encouraged to rethink the
role played by mode couplings in turbulent phenomena.
Our systems display parallels to other deformations of the cubic Szego˝ equation exhibiting
unbounded Sobolev norm growth, such as the α-Szego˝ [18] and the damped Szego˝ [20]
equations; nevertheless, there are significant differences. We highlight the main differences
between the α-Szego˝ and the β-Szego˝ equations (similar remarks could be made about the
damped Szego˝ equation, which is further apart from our models):
• The α-Szego˝ model (24) introduces a deformation in the linear part of the equation
for the lowest mode, while the β-Szego˝ model implements a modification of the cubic
part, keeping the system within the resonant class (1).
• The α-deformation, or its extension in (100), only explicitly affect the lowest mode.
The β-deformation nontrivially modifies the equations of motion for all modes.
• After an appropriate rescaling, the α-Szego˝ equation is reduced to three relevant sys-
tems (23) only depending on sgn(α). In the case of the β-Szego˝ equation, changes in β
cannot be absorbed into rescaling, leaving an essentially continuous family of systems.
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• No explicit solutions with polynomial growth of Sobolev norms are known for the α-
Szego˝, specifically for initial conditions in L (1). Such solutions are seen for the β-Szego˝
system for some values of the parameters, see fig. 3.
• The α and β deformations can be implemented simultaneously, together with a few
further deformations described in appendix B.
We would like to make a further brief digression that highlights, from a perspective
rather different from our main treatment, the distinction between the α-Szego˝ equation
and the β-deformations, in particular, the truncated Szego˝ equation. All of the systems
we have considered here are Hamiltonian, and the standard procedure of quantization may
be applied to such systems, according to the basic principles of quantum mechanics. The
generalities of quantization of resonant systems of the form (1) have been considered in
[38], with connections to the extensive lore of the quantum chaos theory [39]. One then
studies the corresponding quantum energy spectra, which are in turn expected to display
different distributions of distances between neighboring levels, depending on the integrability
properties of the system. By doing so, one discovers that the cubic Szego˝ system is extremely
special, displaying a purely integer energy spectrum [38], while a generic integrable system is
expected to display a Poissonian distribution of energy level distances [39]. One is thus led to
believe that the cubic Szego˝ equation possesses structure beyond ordinary integrability (an
explicit example of that is two inequivalent Lax pairs, as opposed to just one). If one turns
on the α-deformation (or the related δ-deformations from appendix B), the quantum energy
spectrum is no longer integer, but the distribution of energy level distances is nowhere close
to Poissonian, with too many small energy level gaps. On the other hand, the truncated
Szego˝ system, in its quantum version, displays a perfectly Poissonian distribution of energy
level spacings, making it an excellent candidate for a generic Lax-integrable system within
the resonant class (1). This may make the truncated Szego˝ system an attractive playground
for quantum chaos and integrability studies of the type undertaken in [38], quite far from
the topics that initially stimulated our search for this system.
In all deformations considered in our treatment, a special role is played by mode 0. One
could ask what happens if this role is swapped with another mode. For example, instead
of (67), we could consider the following modification of the interactions that do not involve
mode 1:
Cnmkl =
{
1 if (n− 1)(m− 1)(k − 1)(l − 1) = 0,
1− β if (n− 1)(m− 1)(k − 1)(l − 1) 6= 0. (90)
While we did not analyze the general properties of this system, we know that, after restricting
the initial conditions to odd modes, the dynamics of (90) is governed by C(β). Hence, for
β > 0 it has solutions with unbounded Sobolev norms. This trivial argument can be extended
to other similar deformations of the Szego˝ equation anchored on other modes.
We conclude with a ‘teaser’ regarding finite-time turbulent blow-up, a question that has
indirectly led us to the main discoveries presented in this article. Finite-time turbulent
blow-up is known (from numerical simulations) to take place in extremely complicated (and
physically interesting) resonant systems emerging in Anti-de Sitter spacetimes [27–29]. It
would be very desirable to have a simple explicit resonant system in which this phenomenon
can be analyzed. Finite-time blow-up cannot happen in the cubic Szego˝ equation, or any
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of the other systems considered in this article, on account of the exponential upper bounds
on Sobolev norm growth. Our numerical experiments indicate, however, that finite-time
turbulent blow-up does happen in a few simple closely related systems within the resonant
class (1). More specifically, we have considered interaction coefficients of the form
Cnmkl = (n+ 1)
G(m+ 1)G(k + 1)G(l + 1)G with G > 0, (91)
(note that G = 0 is the cubic Szego˝ equation), as well as a truncated version of these
systems analogous to the truncated Szego˝ equation (if all of the indices are non-zero, the
corresponding C is replaced by zero, otherwise it remains intact). We have focused on
numerical simulations of two-mode initial data
|α0(0)| 6= 0, |α1(0)| 6= 0, |αn≥2(0)| = 0 (92)
for the cases G = 1/2 and 1. The blow-up manifests itself as the following asymptotic
behavior at large n:
αn1(t) ∼ c(t)n−γe−ρ(t)n, (93)
with ρ(t)→ 0 as t→ t∗ <∞ and γ = 2 (γ = 5/2) for G = 1/2 (for G = 1). Other systems
that we have considered and observed similar phenomena are
Cnmkl = (n+m+ 1)
G with G > 0, (94)
as well as their truncated versions. These strong and simple blow-up behaviors beg for an
analytic explanation.
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Appendix A: Elementary analysis of the Lax pair structure
The Lax pair structure can be re-expressed through only elementary operations acting on
the sequences {αn} and {hn}. We would like to verify the Lax pair (39) of the truncated
Szego˝ equation (31) in this language. To this end, we recall the expression for u given by
(8) and the operators (18), whose action in components is
(Huh)n =
∞∑
m=0
αn+mh¯m, (Tbh)n =
∞∑
m=0
bn−mhm, (Sh)n = hn−1, (S†h)n = hn+1.
We also have the operators
Ku = S
†Hu, Du = −iT|u|2−|S†u|2 .
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We first note that
|u|2 − |S†u|2 =
∞∑
k,l=0
α¯kαle
i(l−k)θ −
∞∑
k,l=1
α¯kαle
i(l−k)θ = α¯0
∞∑
k=0
αke
ikθ + α0
∞∑
k=1
α¯ke
−ikθ.
Using this expression, the action of the Lax pair on a test vector hn with n ≥ 0 can be
written as
[Kuh]n =
∞∑
m=0
αn+m+1h¯m, [Duh]n = −iα¯0
n∑
k=0
αkhn−k − iα0
∞∑
k=1
α¯khn+k.
Then, since K does not depend on α0, one can use the equation of motion for αn≥1
iα˙n = α¯0
n∑
k=0
αkαn−k + 2α0
∞∑
k=1
α¯kαn+k,
and the antilinearity of Ku to write
i[(K˙u −DuKu +KuDu)h]n = α¯0
∞∑
m=0
n+m+1∑
k=0
αn+m+1−kαkh¯m + 2α0
∞∑
m=0
∞∑
k=1
α¯kαn+m+k+1h¯m
− α¯0
n∑
k=0
∞∑
m=0
αkαn−k+m+1h¯m − α0
∞∑
k=1
∞∑
m=0
α¯kαn+m+k+1h¯m
− α0
∞∑
m=0
m∑
k=0
αn+m+1α¯kh¯m−k − α¯0
∞∑
m=0
∞∑
k=1
αn+m+1αkh¯m+k.
We transform the first term in the last line as
∞∑
m=0
m∑
k=0
αn+m+1α¯m−kh¯k =
∞∑
k=0
∞∑
m=k
αn+m+1α¯m−kh¯k =
∞∑
k,m=0
αn+m+k+1α¯mh¯k,
and the last term as
∞∑
k=1
∞∑
m=0
αn+m+1αkh¯m+k =
∞∑
k=1
∞∑
m=k
αn+m−k+1αkh¯m
=
∞∑
m=1
m∑
k=1
αn+m−k+1αkh¯m =
∞∑
m=1
n+m∑
k=n+1
αkαn+m−k+1h¯m.
Then, combining all the terms proportional to α¯0 in the above expression for i[(K˙u−DuKu+
KuDu)h]n yields
α¯0
( ∞∑
m=0
n+m+1∑
k=0
αn+m+1−kαkh¯m −
n∑
k=0
∞∑
m=0
αkαn−k+m+1h¯m −
∞∑
m=1
n+m∑
k=n+1
αkαn+m−k+1h¯m
)
= |α0|2
∞∑
m=0
αn+m+1h¯m,
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while combining all the terms proportional to α0 yields
α0
(
2
∞∑
m=0
∞∑
k=1
α¯kαn+m+k+1h¯m −
∞∑
k=1
∞∑
m=0
α¯kαn+m+k+1h¯m −
∞∑
k,m=0
αn+m+k+1α¯kh¯m
)
= −|α0|2
∞∑
m=0
αn+m+1h¯m.
Altogether,
dKu
dt
= [Du, Ku],
so the validity of the Lax pair has been verified.
Appendix B: Further deformations of the cubic Szego˝ equation
We shall now briefly address additional deformations of the cubic Szego˝ equation, besides
the α-deformation (22) proposed in [18] and the β-deformation we introduced in section 4,
that preserve the relevant features such as Lax integrability and invariant manifolds, and/or
exhibit unbounded Sobolev norm growth. We can propose an explicit family of the inter-
action coefficients (89) that meets such demands, which can be freely combined with the
α-deformation, given by a single linear term as in (22). One could engineer some other
modifications of the cubic terms or the linear part; however, they can be reduced to the ones
above and the α-deformation by scaling and the transformation αn → ei(θ1+θ2n)t. Thus, the
number of independent deformations for the cubic Szego˝ equation that we consider here is
five, one for the linear part, α, and four for the cubic terms (89). We are not going to analyze
these models in detail; nevertheless, following the procedure of the previous sections, one
can arrive at the properties listed below:
• The five deformations α, β, γ, δ1 and δ2 have the following position space representation,
with u given by (8):
iu˙ =Π(|u|2u)− βSΠ(|S†u|2S†u) + α (u|1) + γ˜|(u|1)|2(u|1) (95)
+ 2|(u|1)|2(δ˜1 − iδ˜2∂θ)u+ 2(u|1)(δ˜1|u|2 − iδ˜2u¯∂θu|1),
where the tildes over the parameters indicate that linear redefinitions have been made
compared to the parameters introduced in (89).
• The system (95) admits the following Lax pair structure (I denotes the identity):
dKu
dt
= [Au, Ku] , (96)
Au = Cu − βBS†u − iδ˜1|(u|1)|2I− iδ˜2|(u|1)|2(−2i∂θ + I). (97)
Note that, when verifying the Lax pair, the last two terms in the first line of (95)
and the second half of the second line do not contribute to dKu/dt, since they are
annihilated by S†.
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• There exist complex invariant manifolds L (D) given in (27).
• There are values of parameters such that Sobolev norms of any u0 ∈ L (1) remain
bounded,
∀s ≥ 0, ‖u(t)‖Hs ≤ C, with C > 0. (98)
• There are values of parameters such that, for some u0 ∈ L (1), Sobolev norms with
s > 1/2 are unbounded,
∀s > 1
2
, ‖u(t)‖Hs →
t→∞
∞. (99)
• The γ deformation is a particular case of a more general deformation briefly mentioned
by Xu at the end of the second reference in [18], where the Hamiltonian
H = 1
4
‖u‖4L4 +
1
2
F
(| (u|1) |2) (100)
is proposed. Our case corresponds to F (x) = γx2/4, which is the same as modifying
C0000 as in (89), and the result respects the general structure of resonant systems
(1). To the best of our knowledge, turbulent properties of this model have not been
previously investigated.
• The δ1 and δ2 deformations can be thought of as an (N,E)-dependent redefinition
α→ α+ δ1N + δ2E in the α-deformation, where N and E are the conserved quantities
given by (3-4). Due to the conservation of N and E, this essentially amounts to rela-
belling the trajectories of the α-Szego˝ system at different values of α. Note, however,
that the δ1 and δ2 deformations keep the system within the resonant class (1), while
the α-deformation does not.
It would be interesting to study more systematically which deformations of the cubic
Szego˝ equation respect the invariant manifolds L (D) or admit a Lax pair based on the
operator Ku, but we shall not pursue it here. Similar type of analysis was performed in [34]
for a related question, namely, which resonant systems of the form (1) respect another
explicitly defined three-dimensional invariant manifold, different from L (1).
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